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LElTER TO THE EDITOR 

Ion acoustic waves in a thin radially inhomogeneous plasma 
column 

E Mateevt and I ZhelyazkovSP 
tFaculty of Physics, Sofia University, 1126 Sofia, Bulgaria 
Hnstitut fur Theoretische Physik, Ruhr-Universitat Bochum, 4630 Bochum, Federal 
Republic of Germany 

Received 1 November 1977 

Abstract. The dispersion of low-frequency electrostatic waves propagating along a radi- 
ally inhomogeneous plasma cylinder has been investigated. It is shown that the density 
inhomogeneity introduces only an additional collisionless damping. The latter depends on 
the integral and differential characteristics of the density profile. 

1. Introduction 

In connection with plasma diagnostics via laser light scattering and FW heating of 
plasmas through parametric processes, the spectra of plasma waves in finite plasma 
systems have been studied. It is well known that besides considering the bulk modes 
one should also account for the so called surface modes, i.e. the waves whose fields are 
localised in the region of the plasma-dielectric boundary (Krall and Trivelpiece 1973). 
The spectral characteristics of low-frequency surface waves propagating in a thin 
homogeneous plasma column were investigated by means of both the fluid (Petrova et 
a1 1975) and the kinetic (Shivarova and Zhelyazkov 1978) plasma models. However, 
in post experiments the plasma is highly inhomogeneous at least in one (radial) 
direction. In this Letter, we accordingly study the influence of plasma-density 
inhomogeneity on the spectrum and the damping rate of long-wavelength low- 
frequency waves propagating in a radially inhomogeneous plasma column. 

2. Bbic equations and clispersion relation 

Let us consider the propagation of axially symmetric low-frequency ion acoustic 
waves of the form g ( r )  exp (-io? + ikr) along the z axis of a radially inhomogeneous 
cylindrical warm plasma bounded by dielectric (vacuum). We assume that the density 
profile has the form shown in figure 1. The only condition which the profile must 
satisfy is 

nto(r) dr = &(0)< 00. 
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FEgure 1. Density profile of the plasma column. 

This equality defines the effective plasma radius ro (figure 1). The basic equations 
which govern the wave field potential and plasma particles’ dynamics (after Fourier 
analysing in time) are: 

- iwni + V . (no(r)ui) = 0, (1) 

e 
M (- iw + vi)ui = - V+, 

A+ = 4?re(n, - ni), 

(3) 

(4) 

where nu and up are the number densities and fluid velocities of the particles of species 
a (a! = e, i), T, is the electron temperature (for convenience ions are assumed to be 
cold, Ti=0), vi is the ion collision frequency. The other notation is standard. By 
eliminating ni, ne and ui from the set ( l t (4 ) ,  we obtain 

where U&)= ( 4 ~ n o ( r ) e ~ / M ) ” ~  is the ion plasma frequency and v s  = (Te/M)1’2 is the 
speed of sound. 

Since we consider the propagation of long-wavelength ion acoustic waves in a thin 
cylinder, we take kr << 1. Moreover, because of density inhomogeneity, there exists a 
surface with radius rl (figure 1) where the wave frequency equals the local ion plasma 
frequency, i.e. 

2 w 2  = wpi ( r ) ,  

In the vicinity of r1 ( r  E (rl - 6, rl +e)), the ion plasma frequency can be expressed as 

(6)  w:i(r)=w 2 [ ~ - u ( r - r i ) ] ,  
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where a = -ni; dno/dr>O (no1 is the equilibrium number density corresponding to 
rl) characterises the density gradient around r l .  

If the density profile is such that w3i (rl+,$)<< w2,  for r > r l ,  equation ( 5 )  reads 

Ad=O 
with a solution (bounded at r + 00) 

4 ( r )  = @ O X O W ) ,  
where KO is the modified Bessel function of the second kind and zeroth order. For 
kr << 1, the above expression for 4 may be written in the form: 

4 ( r )  = @&n (PI - In (kr)l, 
where p = 2/eC 3 1, and C = 0.577 is Euler’s constant. 

When r S rl, we can rewrite equation (5 )  as 

(7) 

Because the quantities on the right-hand side of (8) are small (- k2r2)  with respect to 
those on the left-hand side, we may seek the solution of equation (8) in the form 

4 =40+41 with 41 << 40, 

40 is the solution of (8) when its right-hand side is zero. Applying the usual iterative 
procedure, and using the conditions 

&(O)=O and *I =0, 
ar r - 0  

we obtain 

X[ dr“r”[k2w(w+ivi)- w(w +ivi 
(9) 

It is obvious that the two solutions (7) and (9) have a common area of validity near 
r l .  In that region we may neglect in (9) the integrals which are of the order k2r2 with 
respect to In (kr) and the free terms The result is 

We note that all the integrals $’ dr”r”w; (r”) can be replaced by 

dr“r“o2 (r”) = r&ii (0), 



L66 Letter to the Editor 

except for cases having very peculiar density profiles. If the density gradient near rl is 
such that w:i(rl - 6 )  >> w 2 ,  the first integral in (9a) can be neglected (it is of the order 
k2r:) and the straightforward integration of the other two leads to 

where (6 )  has been used. 

terms and the coefficients in front of In ( k r )  in (7) and (96), to find 
Noting that solutions (7) and (96) are valid in the same region, we equate the free 

1 
-T)( In (kr l )+&)]  - &, In ( p )  = 0 

k2 
w(w+ivi) v s  ar1 

~ o [  1 + riw:i (o)( 

The condition for solvability of this set of equations yields the following dispersion 
relation: 

For almost all density profiles arl > 1, the dispersion relation (10) can be solved to 
obtain the spectrum and the damping rate of the low-frequency ion acoustic waves 
propagating along a thin radially inhomogeneous plasma column: 

where he(0)<< ro is the electron Debye length at the axis of the column. 

3. Concluding remarks 

We emphasise the fact that the long-wavelength low-frequency waves which can 
propagate along a thin highly inhomogeneous plasma column (the scale length of 
density inhomogeneity is much smaller than the wavelength) are surface waves; their 
fields are localised near the surface at r = r l .  

In accordance with expression (11) the spectrum and the collisionless damping rate 
due to the density inhomogeneity depend on one integral column’s characteristics ( ro)  
and on one differential characteristics (a  = not dno/dr). It is easy to see, however, that 
the plasma inhomogeneity does not practically affect the wave frequency since the 
term h,2(0)[2r: In (p /kr l ) ] - ’<< 1. The nature of the collisionless damping of the waves 
is similar to that which governs the energy dissipation of high-frequency surface waves 
in an inhomogeneous electronic cold plasma (Stepanov 1965, Demchenko and Zayed 
1972). In our case it is associated with the resonance at the local (at rl)  ion plasma 
frequency. For a highly ionised plasma this damping can be larger than the collisional 
damping 4 2 .  
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For a homogeneous plasma column with sharp boundary (arl + 00 and ro = R/J2, 
where R is the radius of the cylinder) equation (10) gives the spectrum 

w =kv,(l+ 
, - 1 / 2  f 2h t 

w = kv, 1 + \ R 2  In (pj2/kR)) * 

Formula (12) agrees with the expression for w obtained by Petrova et al (1975) within 
the accuracy of p J2 - 1. 

It is worth noting that the expression for the damping rate arising due to the 
plasma inhomogeneity can be checked experimentally. By using an appropriate 
experimental technique (for example by measuring frequency shifts of a cavity 
resonator (Kent et al 1971)), one may determine the plasma density profile and hence 
calculate the two quantities ro and a.  

The spectrum of low-frequency surface waves in an inhomogeneous plasma for the 
case in which the wavelength of the perturbation is smaller than the scale length of 
plasma density inhomogeneity will be the subject of a subsequent paper. 
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